Abstract. We develop a technique to construct finitely injective modules which are non trivial, in the sense that they are not direct sums of injective modules. As a consequence, we prove that a ring R is left noetherian if and only if each finitely injective left R-module is trivial, thus answering an open question posed by Salce.
Introduction
It has been recently shown by Salce in [7] that if R is a non noetherian Matlis valuation domain, then there exists a nontrivial finitely injective R-module. Where an R-module M is called finitely injective if each finite subset of M is contained in an injective submodule (which is necessarily a direct summand). And a finitely injective module is said to be trivial if it is a direct sum of injective modules. This result was inspired by an older characterization of noetherian rings obtained by Ramamurthi and Rangaswamy in [6] . Namely, they proved that a ring R is left noetherian if and only if every finitely injective left R-module is injective. At this point, the natural question of whether general left noetherian rings can be characterised in terms of the existence of nontrivial finitely injective modules naturaly arises (see [7, Question 1] ).
The goal of this note is to give a positive answer to the above question, as well as provide a simpler and more natural tool to construct nontrivial finite injective modules over non noetherian rings. Using this new construction, we prove that an injective left R-module M is Σ-injective if and only if any finitely injective submodule of the injective envelope of M (ℵ0) is trivial. In particular, we deduce that a ring is left noetherian if and only if any finitely injective left module is a direct sum of injective modules.
Salce's construction of non-trivial finitely injective modules is based on a classical construction by Hill for Abelian groups (see [4] ). This construction was later generalized by Griffith [3] and Huisgen-Zimmermann [8] for modules in order to characterize left perfect rings in terms of the existence of nontrivial flat and strict Mittag-Leffler (equivalently, locally projective) modules. We would like to stress that Hill's construction needs to be applied to countably generated modules (usually, projective modules). Indeed, Salce's example of a non-trivial finitely injective module is obtained by applying this Hill's construction to a countably generated injective module which is not Σ-injective. The existence of these countably generated modules is guaranteed over non noetherian Matlis valuation domains, but not over arbitrary rings. Therefore, we need to develop in this note a new (and much First author has been partially supported by the DGI and by the Fundación Séneca. Part of the sources of both institutions come from the FEDER funds of the European Union.
simpler) explicit construction of non trivial finitely injective modules that can be applied to any injective module which is not Σ-injective.
Finitely injective modules over non-noetherian rings
Along this note, R will denote a ring with unit and module will mean a left R-module unless otherwise is stated. Morphisms will operate on the right and the composition of f : A → B and g : B → C will be denoted by f g. Given a left R-module M , we will denote by E(M ) its injective hull.
Recall that an injective module M is said to be Σ-injective if any direct sum of copies of M is injective. Our main theorem characterizes Σ-injective modules in terms of finitely injective submodules of the injective hull of a countably direct sum of copies of the module. 
is a direct sum of injective modules.
Proof. 1) ⇒ 2). Let us first note that
is Σ-injective too and, consequently, it is a direct sum of indecomposable modules (see [1] ). Now, using Let N be a finitely injective submodule of M (ℵ0) and {x α | α < κ} be any generating set of N (where κ is an ordinal). We claim that N is the union of a chain {N α | α < κ} of direct summands of M (ℵ0) . By the previous discussion, this implies that N is a direct summand of M (ℵ0) and, in particular, injective. We are going to construct this chain of submodules of N recursively on α with the property that x α ∈ N α for each α < κ.
For α = 0, choose an injective submodule N 0 of N that contains x 0 . We know that this N 0 does exist since we are assuming that N is finitely injective. As N 0 is injective, it is a direct summand of M (ℵ0) and therefore, of N .
Let now α < κ be any ordinal and assume that we have constructed our chain {N γ | γ < α} of submodules of N . Then note that γ<α N γ is a direct summand of M (ℵ0) (and therefore, of N ), since it is the union of a chain of direct summands of M and M is Σ-injective. Let us write N = γ<α F γ ⊕ E for some E ≤ F , and x α = n + e for some n ∈ γ<α N γ and e ∈ E. Since E is finitely injective, there exists an injective submodule L of E containing e. Let E(Re) be an injective hull of Re inside L. Then E(Re) ∩ ( γ<α N γ ) = 0 since Re is essential in E(Re) and Re ∩ ( γ<α N γ ) = 0. Set then N α = (∪ γ<α N γ ) ⊕ E(Re) which contains x α and, by [5, Proposition 2.2] , it is a direct summand of M (ℵ0) . This concludes the construction.
2) ⇒ 3). Trivial.
3) ⇒ 1). Suppose that (1) is false. We are going to construct a finitely injective submodule of E(M (ℵ0) ) which is not a direct sum of injective modules. As we are assuming that M is not Σ-injective, we know that M (ℵ0) is not injective by [2, Proposition 3] . Denote by N = M (ℵ0) and by E = E M (ℵ0) . By Baer's criterium, there exists a left ideal I of R and a morphism f : I → N that cannot be extended R. Let Ω be the set of all submodules L of E such that:
(1) L is finitely injective; (2) N ≤ L, and (3) The morphism f : I → L cannot be extended to a morphism R → L.
Clearly, Ω is a non-empty partially ordered set. Let us show that it is inductive. Let {L k : k ∈ K} be a chain in Ω and let us prove that L = k∈K L k ∈ Ω. Trivially, L satisfies conditions (1) and (2) . Suppose that there exists an extension g : R → L of f . Then, as R is finitely generated, there exists a k ∈ K such that Im f ≤ L k . But this means that g is an extension of f over L k , which contradicts that L k ∈ Ω. Thus, L also satisfies (3) and it is an element of Ω.
Let now L be a maximal element of Ω. We are going to show that L cannot be a direct sum of injective modules. Suppose on the contrary that L would be a direct sum of injective modules, say L = ⊕ t∈T E t . Denote by q t : L → E t the canonical projection, for each t ∈ T . Let
and note that T ′ is infinite because otherwise, Im f would be contained in a finite direct subsum of ⊕ t∈T E t and f would have an extension to R. Call q T ′ : L → ⊕ t∈T ′ E t the projection. And write T ′ = T 1 ∪ T 2 as a disjoint union of two infinite subsets. Denote by q Ti : ⊕ t∈T ′ E t → ⊕ t∈Ti E t the projections, for i = 1, 2.
We claim that neither f q T ′ q T1 nor f q T ′ q T2 can be extended to R. Assume on the contrary that, for instance, f q T ′ q T1 could be extended to a morphism h : R → ⊕ t∈T1 E t . Then there would exist a finite subset F ⊆ T 1 such that Im h ⊆ ⊕ t∈F E t , as Im h is finitely generated. But then 0 = f q T ′ q T1 q t = f q t for every t ∈ T 1 \ F . A contradiction that proves our claim.
Let finally
to Ω, since f does not have an extension to R because T 2 ⊆ T \ T 1 and f q T ′ q T2 cannot be extended to R. Moreover, L is strictly contained in L ′ , as ⊕ t∈T1 E t is not injective. But this contradicts the maximality of L. Remark 2.2. Let us note that our proof of (3) ⇒ (1) in the above theorem gives a general tool to construct finitely injective modules which cannot be injective. This construction is simpler than the one obtained [7] and seems more natural on this injectivity context. 
